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Abstract. Distortions to the cosmic microwave background (CMB) blackbody spectrum
are calculated in the framework of cosmological perturbation theory. The second order
Boltzmann equation is explicitly solved, with the spectral y distortion and the frequency
independent second order temperature perturbation. We also solve higher order Boltzmann
equations systematically and find new type spectral distortions in the low energy limit of
electrons. As an example, we concretely construct a solution to the cubic order Boltzmann
equation and show that it can be characterized by three parameters: a cubic order temper-
ature perturbation and two different types of cubic order spectral distortions. A new linear
Sunyaev-Zel’dovich effect whose frequency dependence is different from the usual y distortion
is also discussed in the presence of the next-to-leading order Kompaneets terms, and we show
that higher order spectral distortions are also generated as a result of the diffusion process
in a framework of the higher order cosmological perturbation theory. We also comment that
generation of the spectral µ distortion cannot be explained in this framework even at second
order.
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1 Introduction
The temperature anisotropy analysis of the cosmic microwave background (CMB) has been
successful in the past few decades. The standard ΛCDM cosmology explains the current
linear fluctuations very well and shows us the efficiency of inflationary paradigm. One of the
remaining issues of modern cosmology is to identify the concrete model of the early universe.
The CMB temperature bispectrum has been intensely investigated in this context, and the
Planck satellite provides us tight constraints on the primordial non-Gaussianity [1]. Towards
future observations, the second order Boltzmann theory has been developed [2–6] because
secondary effects may mimic the primordial non-Gaussianity [7–17]. The smallness of the
principle anisotropies makes it crucial to estimate the secondary anisotropies, and nowadays
several numerical codes have been developed to get rid of such contaminations [18–23]. The
anisotropies in the y distortions are also discussed in the same context [24, 25].
On the other hand, distortions to the CMB blackbody spectrum have also been dis-
cussed to investigate the thermal history of the early universe. One example is the observed
thermal Sunyaev-Zel’dovich (tSZ) effect due to hot gas in the intracluster medium of galaxy
groups [26–28]. More generally, the spectral distortions are powerful tools to investigate en-
ergy injections from several non-trivial processes such as dark matter pair annihilation [29–
31], evaporation of the primordial blackholes [32] and dissipations of the primordial fluctua-
tions [33–44]. Recently, anisotropies of the distortions from Silk damping are also discussed
for a primordial non-Gaussianity observation [45–53]. The previous analysis is based on
an assumption of local thermodynamics, which is not the case for the late universe before
recombination. These anisotropies are at second order in the primordial curvature pertur-
bations and can be understood as mode coupling effects in a framework of the second order
Boltzmann theory.
In this paper, we give a unified view of the above two issues by explicitly solving the
Boltzmann equations with momentum (frequency) dependent temperature perturbations.
We discuss frequency dependence of the temperature perturbations which arises at nonlinear
order. There is an infinite number of evolution equations corresponding to each frequency.
As pointed out, for example, in [54], we usually integrate the photon momentum and define
the brightness perturbations at second order. This simplification has been widespread since
the anisotropy experiments do not focus on spectroscopy; however, we should keep in mind
that much information is hidden in the nontrivial momentum dependence. We handle such
an infinite number of d.o.f. coming from the continuous momentum by replacing it with
an infinite number of the parameters describing spectral distortions 1. Then, we find that
the second order photon Boltzmann equation falls into two frequency independent equations.
1A similar manipulation called moment expansion was initially proposed in [55, 56]. The authors also tried
to classify the spectral distortions systematically. In their literature, detailed analyses were not discussed in
the presence of second or higher order collision terms, which are crucial for spectral distortions and central
topics of this paper.
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Besides, we point out a possibility to solve the higher order Boltzmann equations system-
atically by introducing higher order spectral distortions. As an example, we construct the
cubic order spectral distortions in our method. Observing such a little higher order spectral
distortion can be the future works in the next few decades. On the other hand, the method
may be useful as a prescription to non-equilibrium physics or non-linear evolution of the
large-scale structure (LSS) as fluid dynamics of matters with gravitational interactions.
We organize this paper as follows. In section 2, we summarize second and third order
Boltzmann collision terms for the Compton scattering 2. The ansatz and the coefficient
equations are discussed in section 3. We solve the equation for the y distortion in section
4 and confirm availability of the previous phenomenological estimations. In section 5, we
comment on another spectral distortion called µ distortion. Section 6 is devoted to the
extension of the method to higher orders cosmological perturbations. The appendices provide
several definitions and comparisons our results with the previous works. We then conclude
in the final section.
2 Boltzmann equation
We begin with deriving the higher order Boltzmann collision terms to investigate the spectral
distortions and higher order temperature anisotropies.
2.1 Set up
Let f and g be the distribution functions for photons and electrons, respectively. Ignoring
the Pauli blocking factors, the Boltzmann collision term is given as
C[f ] = 1
16pi
∫
dn′
4pi
dp˜′
∫
d3q˜
(2pi)3
1
4
∑
spins
|M|2
× p˜
′
p˜
1
E(q˜)E(p˜ + q˜− p˜′)δ[p˜+ E(q˜)− p˜
′ − E(p˜ + q˜− p˜′)]
× {g(q˜′)f(p˜′)[1 + f(p˜)]− g(q˜)f(p˜)[1 + f(p˜′)]} , (2.1)
where tildes imply that they are physical momenta, which are different from the comoving
momenta without tildes (e.g. p(1 + z) = p˜ with the redshift z). M is the invariant scattering
amplitude and n′ ≡ p′/|p′|. Let us expand each part of (2.1) by introducing two parameters:
 ∼ O(q/me) and η = O(|p˜− p˜′|/me) 3. We consider that  is the order of the electron bulk
velocity |v| = O(10−5) or thermal motion √Te/me. For the latter, the relation between the
2Section 2 is considerably revised.
3We should note that there are two types hierarchies: the cosmological perturbations and the electron
energy transfer. The former is directly related to the primordial quantum fluctuations, and we usually consider
that the magnitude is the order of 10−5 at first order if we assume their scale invariance. In this paper, we
use the terminologies “first order” and “second order” regarding the cosmological perturbations.
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two parameters are given as 2 ∼ η  1 since the photon number has a peak around p˜ ∼ Tγ ,
and Tγ ∼ Te is manifest if we assume that the system is in kinetic equilibrium 4 5.
The Scattering amplitude—. Let us denote the initial state 4-momenta with primes.
The scattering amplitude is then written as [57]
1
4
∑
spins
|M|2 = 2e4
[
q˜ · p˜′
q˜ · p˜ +
q˜ · p˜
q˜ · p˜′ − 2m
2
e
(
1
q˜ · p˜ −
1
q˜ · p˜′
)
+m4e
(
1
q˜ · p˜ −
1
q˜ · p˜′
)2]
, (2.2)
where we have used
p˜ · q˜ = p˜′ · q˜′, (2.3)
p˜ · q˜′ = p˜′ · q˜, (2.4)
which are obtained with 4-momentum conservation p˜ + q˜ = p˜′ + q˜′. Let us chose a frame
satisfying q˜µ = (−
√
m2e + q˜
2, q˜). Using the above, we can expand (2.2) as follows:
1
4
∑
spins
|M|2 = |M0|2 + |M|2 + |Mη2 |2 + |M2 |2 + |M3 |2, (2.5)
where we have defined
|M0|2
2e4
= 1 + λ2, (2.6)
|M|2
2e4
= 2λ(λ− 1)
[
n · q˜
me
+
n′ · q˜
me
]
, (2.7)
|Mη2 |2
2e4
= (λ− 1)2 p˜
2
m2e
, (2.8)
|M2 |2
2e4
= −2λ(λ− 1) q˜
2
m2e
+ (λ− 1)(3λ− 1)
[
(n′ · q˜)2
m2e
+
(n · q˜)2
m2e
]
+ 2(λ− 1)(2λ− 1)(n · q˜)(n
′ · q˜)
m2e
. (2.9)
The energy product—. On the other hand, the product of energy can be reduced to as
follows:
p˜′
p˜
1
E(q˜)E(q˜′)
=
p˜′
p˜m2e
(
1− E2 − Eη − Eη2
)
, (2.10)
where each part is written as
E2 =
q˜2
m2e
, (2.11)
4In the hot electron gas in the late universe, 2  η is possible.
5We would like to thank Taku Haga and Keisuke Inomata for pointing out misprints in the previous
manuscripts.
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Eη = (p˜− p˜
′) · q˜
m2e
, (2.12)
Eη2 =
(p˜− p˜′)2
2m2e
. (2.13)
The delta function—. The delta functions are Taylor expanded around the photon
energy difference; that is, we have
δ(p˜− p˜′ + E(q˜)− E(q˜′))
= δ(p˜− p˜′) + (D +D3 +Dη)
∂δ(p˜− p˜′)
∂p˜′
+
1
2
(D +Dη)2 ∂
2δ(p˜− p˜′)
∂p˜′2
+
1
3!
D3
∂3δ(p˜− p˜′)
∂p˜′3
, (2.14)
where we have introduced
D = (p˜− p˜
′) · q˜
me
, (2.15)
D3 = −
q˜2(p˜− p˜′) · q˜
2m3e
, (2.16)
Dη = (p˜− p˜
′)2
2me
. (2.17)
Product of distribution functions—. Expanding g(q˜′) around q˜, the product of the
distribution functions can be written as
F(p˜′, p˜) = g(q˜
′)
g(q˜)
f(p˜′)[1 + f(p˜)]− f(p˜)[1 + f(p˜′)]
= F1(p˜′, p˜) +
(
αη/ + αη2/2
)F3(p˜′, p˜), (2.18)
where F1, F3 and α’s are defined as
αη/ = −
(q˜−mev) · (p˜− p˜′)
meTe
, (2.19)
αη2/2 = −
(p˜− p˜′)2
2meTe
+
1
2
α2η/, (2.20)
F1(p˜′, p˜) = f(p˜′)− f(p˜), (2.21)
F3(p˜′, p˜) = f(p˜′) [1 + f(p˜)] . (2.22)
Electron momentum integrals—. Let us write the q˜ integral as follows:
〈· · · 〉 ≡
∫
d3q˜
(2pi)3
· · · g(q˜). (2.23)
Then integrals with the momentum are recast into
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〈q˜i〉 = nemevi,
〈q˜iq˜j〉 = nemeTeδij + nem2eevivj ,
〈q˜iq˜j q˜k〉 = neme (vi〈(q˜j −mevj)(q˜k −mevk)〉+ 2perms.) + nem3evivjvk
= nem
2
eTe(viδjk + 2perms.) + nem
3
evivjvk.
(2.24)
2.2 Expansions in terms of  and η
We are ready to expand the collision terms with respect to  and η:
C[f ] = C0,0[f ] + C,0[f ] + C2,0[f ] + C3,0[f ] + C0,η[f ] + C,η[f ]. (2.25)
We substitute (2.5), (2.10), (2.14) and (2.18) into (2.1). Then, we integrate each momentum
by using (2.24) and substitute p˜ = p(1 + z). To simplify the notation, we introduce the
following three parameters: λ = n · n′, V = v · n and V ′ = v · n′. After tremendous but
straight forward calculations, each term is obtained as follows:
(neσTa)
−1C0,0[f ] =
∫
dn′
4pi
3
4
(
λ2 + 1
)F1(pn′, pn), (2.26)
(neσTa)
−1C,0[f ] =
∫
dn′
4pi
3
4
[{(
4λ2 − 2λ+ 2)V ′ + (λ2 − 2λ− 1)V }F1(pn′, pn)
− (λ2 + 1) (V − V ′) p∂F1(p′n′, pn)
∂p′
∣∣∣∣
p′=p
]
, (2.27)
(neσTa)
−1C0,η[f ] =
∫
dn′
4pi
3p(1 + z)
4me
(
λ3 − λ2 + λ− 1)
×
[
p
∂F1(p′n′, pn)
∂p′
∣∣∣∣
p′=p
− 2p∂F3(p
′n′, pn)
∂p′
∣∣∣∣
p′=p
]
+
∫
dn′
4pi
3p(1 + z)
4me
(
λ3 − λ2 + λ− 1) [2F1(pn′, pn)− 4F3(pn′, pn)] ,
(2.28)
(neσTa)
−1C,η[f ] =
∫
dn′
4pi
p(1 + z)
me
[
3
4
(λ− 1) (−λ2 − 1) (V − V ′)
×
[
p2
∂2F1(p′n′, pn)
∂p′2
∣∣∣∣
p′=p
− 2p2∂
2F3(p′n′, pn)
∂p′2
∣∣∣∣
p′=p
]
+
3
4
(λ− 1)
[
4
{(−4λ2 + λ− 3)V ′ + (λ2 + λ+ 2)V } p∂F3(p′n′, pn)
∂p′
∣∣∣∣
p′=p
−2{(−4λ2 + λ− 3)V ′ + (λ2 + λ+ 2)V } p∂F1(p′n′, pn)
∂p′
∣∣∣∣
p′=p
]
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+
3
4
(λ− 1) [2{(5λ2 − 2λ+ 3)V ′ + (λ2 − 2λ− 1)V }F1(pn′, pn)
−4{(5λ2 − 2λ+ 3)V ′ + (λ2 − 2λ− 1)V }F3(pn′, pn)] ], (2.29)
(neσTa)
−1C2,0[f ] =
∫
dn′
4pi
Te
me
[
−3
4
(
λ3 − λ2 + λ− 1) p2∂2F1(p′n′, pn)
∂p′2
∣∣∣∣
p′=p
−3 (λ3 − λ2 + λ− 1) p∂F1(p′n′, pn)
∂p′
∣∣∣∣
p′=p
+
3
2
(
2λ3 − 3λ2 − 2λ+ 1)F1(pn′, pn)]
+
∫
dn′
4pi
[
3
8
(
λ2 + 1
)
V 2p2
∂2F1(p′n′, pn)
∂p′2
∣∣∣∣
p′=p
+
3
8
(
λ2 + 1
)
V ′2p2
∂2F1(p′n′, pn)
∂p′2
∣∣∣∣
p′=p
− 3
4
(
λ2 + 1
)
V V ′p2
∂2F1(p′n′, pn)
∂p′2
∣∣∣∣
p′=p
− 3
4
(
λ2 − 2λ− 1)V 2p∂F1(p′n′, pn)
∂p′
∣∣∣∣
p′=p
− 3
4
(−5λ2 + 2λ− 3)V ′2p∂F1(p′n′, pn)
∂p′
∣∣∣∣
p′=p
− 3 (λ2 + 1)V V ′p∂F1(p′n′, pn)
∂p′
∣∣∣∣
p′=p
+
3
4
[
λ2
(
V 2 − 3v2)− 2λ (V 2 − v2)+ V 2 − v2]F1(pn′, pn)
+
3
2
(
5λ2 − 4λ+ 2)V ′2F1(pn′, pn) + 3(λ− 2)λV V ′F1(pn′, pn)],
(2.30)
(neσTa)
−1C3,0[f ] =
∫
dn′
4pi
Te
me
[
3
4
(−11λ3 + 13λ2 − 11λ+ 9)V ′p2∂2F1(p′n′, pn)
∂p′2
∣∣∣∣
p′=p
+
3
2
(
2λ3 − λ2 + 2λ− 3)V p2∂2F1(p′n′, pn)
∂p′2
∣∣∣∣
p′=p
+
3
4
(λ− 1) (λ2 + 1) (V − V ′) p3∂3F1(p′n′, pn)
∂p′3
∣∣∣∣
p′=p
− 3
8
(
40λ3 − 47λ2 + 56λ− 31)V ′p∂F1(p′n′, pn)
∂p′
∣∣∣∣
p′=p
− 3
8
(
16λ3 − 41λ2 + 7)V p∂F1(p′n′, pn)
∂p′
∣∣∣∣
p′=p
+
3
4
(
20λ3 − 46λ2 + 5λ+ 3)V ′F1(pn′, pn)
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+
3
8
(
16λ3 − 41λ2 + 34λ+ 9)V F1(pn′, pn)]∫
dn′
4pi
[
1
8
(−λ2 − 1) p3 (V − V ′)V ′2∂3F1(p′n′, pn)
∂p′3
∣∣∣∣
p′=p
+
1
4
(
λ2 + 1
)
V p3
(
V − V ′)V ′∂3F1(p′n′, pn)
∂p′3
∣∣∣∣
p′=p
+
1
8
(−λ2 − 1)V 2p3 (V − V ′) ∂3F1(p′n′, pn)
∂p′3
∣∣∣∣
p′=p
+
3
8
(
λ2 − 2λ− 1)V 3p2∂2F1(p′n′, pn)
∂p′2
∣∣∣∣
p′=p
+
3
4
(
3λ2 − λ+ 2) p2V ′3∂2F1(p′n′, pn)
∂p′2
∣∣∣∣
p′=p
+
3
8
(−11λ2 + 2λ− 9)V p2V ′2∂2F1(p′n′, pn)
∂p′2
∣∣∣∣
p′=p
+
3
4
(
2λ2 + λ+ 3
)
V 2p2V ′
∂2F1(p′n′, pn)
∂p′2
∣∣∣∣
p′=p
− 3
8
V p
(
λ2
(
2V 2 − 7v2)− 4λ (V 2 − v2)+ 2V 2 − 3v2) ∂F1(p′n′, pn)
∂p′
∣∣∣∣
p′=p
+
3
4
(
15λ2 − 10λ+ 7) pV ′3∂F1(p′n′, pn)
∂p′
∣∣∣∣
p′=p
− 3
2
(
5λ2 + 4
)
V pV ′2
∂F1(p′n′, pn)
∂p′
∣∣∣∣
p′=p
− 3
8
p
(
λ2
(
8V 2 + 7v2
)− 4λ (4V 2 + v2)− 4V 2 + 3v2)V ′∂F1(p′n′, pn)
∂p′
∣∣∣∣
p′=p
+
3
8
V
(
λ2
(
2V 2 − 7v2)+ λ (14v2 − 4V 2)+ 2V 2 − v2)F1(pn′, pn)
+ 3
(
5λ2 − 5λ+ 2)V ′3F1(pn′, pn) + 3
2
(
5λ2 − 10λ+ 2)V V ′2F1(pn′, pn)
+
3
4
(
2λ2
(
2V 2 − 7v2)+ λ (13v2 − 8V 2)+ 4V 2 − 5v2)V ′F1(pn′, pn)].
(2.31)
2.3 Perturbative expansions
Next, we integrate the above terms with respect to n′ and take the harmonic or Legendre
coefficients. (A.6) is useful for converting (n · n′) into combinations of n′ and n 6. In
this section, we ignore the vector and tensor sector for simplicity and rewrite the physical
6In the previous versions of this paper, we wrongly treated the angular dependence of the perturbations.
The expansion in terms of Legendre polynomial is not possible for the products of perturbations since cosines
of Fourier momenta in convolutions are not defined uniquely, and hence we need to expand them by spherical
harmonics.
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momenta by using the comoving one. Here we consider the following perturbative expansion:
f =
3∑
n=0
f (n), V =
3∑
n=1
V (n) (2.32)
and replace the bulk velocity as v→ v(1) + v(2) + v(3).
Zeroth order in the cosmological perturbations—. We immediately find that zeroth order
collision terms without energy transfer is vanishing:
(neσTa)
−1C(0)T [f ] = 0, (2.33)
On the other hand, the Kompaneets terms with Te/me and p/me can be written as follows.
(neσTa)
−1C(0)K [f ] =
Te
me
(
p2
∂2f (0)
∂p2
+ 4p
∂f (0)
∂p
)
+
p(1 + z)
me
(
2f (0)p
∂f (0)
∂p
+ p
∂f (0)
∂p
+ 4f (0)2 + 4f (0)
)
. (2.34)
First order in the cosmological perturbations—. First order collision term for the Thom-
son scattering is obtained as
(neσTa)
−1C(1)T [f ] = f (1)0 − f (1)(p)−
1
2
f
(1)
2 P2 − p
∂f (0)
∂p
V (1). (2.35)
We saw that the leading order Kompaneets term is homogeneous, and it is modulated
due to the electron density perturbation. Therefore, introducing the electron density pertur-
bation as
ne → ne(1 + δ(1)e ), (2.36)
we have
δ(1)e C(0)K [f ]. (2.37)
In addition to this effect, the next-to-leading order Kompaneets terms are given as [37]
(neσTa)
−1C(1)K [f ]
=
p(1 + z)
me
[
2p
∂f (0)
∂p
f (1)(p) + 4f (0)f (1)(p) + 2f (1)(p) + 4f (0)f
(1)
0 + p
∂f
(1)
0
∂p
+ 2f
(1)
0 + 2f
(0)p
∂f
(1)
0
∂p
+(vˆ · n)
(
24
5
if (0)f
(1)
1 +
12
5
if
(1)
1 +
12i
5
f (0)p
∂f
(1)
1
∂p
+
6i
5
p
∂f
(1)
1
∂p
)
+(v · n)
(
−8f (0)2 − 8f (0) − 7
5
p2
∂2f (0)
∂p2
− 14
5
f (0)p2
∂2f (0)
∂p2
− 31
5
p
∂f (0)
∂p
− 62
5
f (0)p
∂f (0)
∂p
)
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+P2
(
−2f (0)f (1)2 − f (1)2 − f (0)p
∂f
(1)
2
∂p
− 1
2
p
∂f
(1)
2
∂p
)
+P3
(
−3i
5
f
(1)
3 −
6i
5
f (0)f
(1)
3 −
3i
5
f (0)p
∂f
(1)
3
∂p
− 3i
10
p
∂f
(1)
3
∂p
)]
+
Te
me
[
(v · n)
(
−7
5
p3
∂3f (0)
∂p3
− 47
5
p2
∂2f (0)
∂p2
− 15
2
p
∂f (0)
∂p
)
+
(vˆ · n)
(
6i
5
p2
∂2f
(1)
1
∂p2
+
24i
5
p
∂f
(1)
1
∂p
+
6i
5
f
(1)
1
)
+ P2
(
−1
2
p2
∂2f
(1)
2
∂p2
− 2p∂f
(1)
2
∂p
+ 3f
(1)
2
)
+P3
(
− 3i
10
p2
∂2f
(1)
3
∂p2
− 6i
5
p
∂f
(1)
3
∂p
+
6i
5
f
(1)
3
)
+ p2
∂2f
(1)
0
∂p2
+ 4p
∂f
(1)
0
∂p
]
. (2.38)
Second order in the cosmological perturbations—. Let us move on to the second order
in the cosmological perturbations. First, the linear collision process above can be modulated
because of the fluctuation of electron density. This is known as Vishniac effect:
δ(1)e C(1)T [f ]. (2.39)
One also finds the following contribution at the next-to-leading order of the energy transfer:
δ(1)e C(1)K [f ], δ(2)e C(0)K [f ]. (2.40)
Another second order contribution is written as follows:
(neσTa)
−1C(2)T [f ]
=f
(2)
0 − f (2)(p) +
1
10
2∑
m=−2
Y2m(n)f
(2)
2m (2.41)
+
1
10
2∑
m=−2
Y2m(n)
(
p
∂
∂p
[V (1)f (1)]2m + 4[V
(1)f (1)]2m − p ∂
∂p
V (1)f
(1)
2m + V
(1)f
(1)
2m
+
1
2
[V (1)2]2mp
2 ∂
2
∂p2
f (0) + 5[V (1)2]2mp
∂
∂p
f (0)
)
+
1
2
1∑
m=−1
Y1m(n)
(
−V (1)f (1)1m − [V (1)f (1)]1m + V (1)1m f (1) − [V (1)2]1mp
∂
∂p
f (0)
)
+ p
∂
∂p
[V (1)f (1)]0 +
5
2
[V (1)f (1)]0 − p ∂
∂p
V (1)f
(1)
0 − p
∂
∂p
V (2)f (0) − 1
2
V (1)f
(1)
0 +
1
2
V (1)f (1)
+
1
2
V (1)2p2
∂2
∂p2
f (0) +
1
2
[V (1)2]0p
2 ∂
2
∂p2
f (0) +
1
2
V (1)2p
∂
∂p
f (0) +
7
2
[V (1)2]0p
∂
∂p
f (0). (2.42)
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We do not expand the products further for notational simplicity, but they can be written by
the Gaunt functions. For example, we can write [V f ]2m as
[V f ]2m = v(−1)m 4pi
3
1∑
M ′=−1
∞∑
L=0
L∑
M=−L
fLMY
∗
1M ′(vˆ)G21L−mM ′M , (2.43)
where the Gaunt integral is introduced as
Gl1l2l3m1m2m3 ≡
∫
dnYl1m1(n)Yl2m2(n)Yl3m3(n). (2.44)
Cubic order in the cosmological perturbations—. The electron density modulation also
arises at cubic order. Introducing the cubic order electron density perturbation δ
(3)
e , we find
δ(2)e
(
C(1)T + C(1)K
)
, δ(1)e C(2)T , δ(3)e C(0)K . (2.45)
The remaining cubic order Thomson terms are obtained as follows:
(neσTa)
−1C(3)T [f ]
=f0 − f(p) + 1
10
2∑
m=−2
Y2m(n)f2m
+
1
5
2∑
m=−2
Y2m(n)
(
1
2
p
∂
∂p
[V f ]2m + 2[V f ]2m − 1
2
p
∂
∂p
V f2m +
1
2
V f2m
)
+
1
3
1∑
m=−1
Y1m(n)
(
−3
2
V f1m − 3
2
[V f ]1m +
3
2
V1mf
)
+ p
∂
∂p
[V f ]0 +
5
2
[V f ]0 − V p∂f0
∂p
− 1
2
V [f0 − f ]
+
1
5
2∑
m=−2
Y2m(n)
(
1
4
p2V 2
∂2
∂p2
f2m +
1
4
p2
∂2
∂p2
[V 2f ]2m − 1
2
p2
∂2
∂p2
V [V f ]2m − 3
2
v2f2m
−1
2
p
∂
∂p
V 2f2m +
1
2
V 2f2m +
5
2
p
∂
∂p
[V 2f ]2m − 2p ∂
∂p
V [V f ]2m + 5[V
2f ]2m − 5[V 2]2mf + 2V [V f ]2m
)
+
1
3
1∑
m=−1
Y1m(n)
(
3
2
v2f1m +
3
2
V 2p
∂
∂p
f1m − 3
2
V 2f1m − 3
2
p
∂
∂p
[V 2f ]1m
−6[V 2f ]1m + 6[V 2]1mf − 6V [V f ]1m + 6V V1mf
)
− 3
2
v2 [f0 − f ] + 1
2
V 2p
∂
∂p
f0 + V
2 [f0 − f ] + 7
2
p
∂
∂p
[V 2f ]0
− 4V p ∂
∂p
[V f ]0 +
11
2
[V 2f ]0 − 11
2
[V 2]0f + V [V f ]0
+
1
2
V 2p2
∂2
∂p2
f0 +
1
2
p2
∂2
∂p2
[V 2f ]0 − p2 ∂
2
∂p2
V [V f ]0
− 1
6
V 3p3
∂3
∂p3
f (0) +
1
6
[V 3]0p
3 ∂
3
∂p3
f (0) − 1
2
V
[
V 2
]
0
p3
∂3
∂p3
f (0)
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− 1
4
V 3p2
∂2
∂p2
f (0) +
9
4
[V 3]0p
2 ∂
2
∂p2
f (0) − 19
4
V [V 2]0p
2 ∂
2
∂p2
f (0)
− V 3p ∂
∂p
f (0) + 9[V 3]0p
∂
∂p
f (0) − 17
2
V [V 2]0p
∂
∂p
f (0) + 2v2V p
∂
∂p
f (0)
+
1
3
1∑
m=−1
Y1m(n)
(
+6[V ]1mp
∂
∂p
f (0)V 2 +
3
4
[V ]1mp
2 ∂
2
∂p2
f (0)V 2 +
3
4
[V 2]1mp
2 ∂
2
∂p2
f (0)V
−15
2
[V 3]1mp
∂
∂p
f (0) +
3
2
v2[V ]1mp
∂
∂p
f (0) − 3
4
[V 3]1mp
2 ∂
2
∂p2
f (0)
)
+
1
5
2∑
m=−2
Y2m(n)
(
1
12
[V 3]2mp
3 ∂
3
∂p3
f (0) − 1
4
V [V 2]2mp
3 ∂
3
∂p3
f (0) +
3
2
[V 3]2mp
2 ∂
2
∂p2
f (0)
−11
4
V [V 2]2mp
2 ∂
2
∂p2
f (0) +
15
2
[V 3]2mp
∂
∂p
f (0) − 5V [V 2]2mp ∂
∂p
f (0)
)
, (2.46)
where we did not use Eq. (2.32) to simplify the expression. This expression is complicated,
but its frequency dependence is classified into three types as we discuss in the following
sections.
3 Solutions to the Boltzmann equation
The cosmic microwave background radiation is almost an isotropic and ideal blackbody at
high precision but slightly deviates from the perfect one. In this section, we construct such
a deviation as a solution of the second order Boltzmann equation.
3.1 Momentum functions
We start with introducing the following functional basis to expand the distribution function:
G(p) = −p∂f
(0)(p)
∂p
, (3.1)
Y(p) = 1
p2
∂
∂p
p4
∂f (0)(p)
∂p
, (3.2)
M(p) = T0∂f
(0)(p)
∂p
, (3.3)
where we have defined
f (0)(p) =
1
e
p
T0 − 1
. (3.4)
The definite integrals of these functions are∫ ∞
0
dx
2pi2
xnf (0) = In, (3.5)∫ ∞
0
dx
2pi2
xnG = (n+ 1)In, (3.6)
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∫ ∞
0
dx
2pi2
xnY = (n+ 1)(n− 2)In, (3.7)∫ ∞
0
dx
2pi2
xnM = −nIn−1, (3.8)
where x = p/T0 and {In}3n=1 = {1/12, ζ(3)/pi2, pi2/30}. The following relations are also
useful:
p2
∂2f (0)(p)
∂p2
= Y + 4G, (3.9)
p
∂
∂p
p
∂f (0)(p)
∂p
= Y + 3G (3.10)
−p∂f
(1)(p)
∂p
= Θ(1)(3G + Y). (3.11)
More generally,
pn
∂
∂p
pm
∂
∂p
plf (0) = pn+m+l−2
[
l(l +m− 1)f (0) + Y + (4−m− 2l)G
]
. (3.12)
These G, Y andM are “linearly independent”. Let us consider a linear combination of these
functions, which is equal to zero:
aG + bY + cM = 0. (3.13)
We then integrate the both side with respect to momentum p and obtain
a(n+ 1)In + b(n+ 1)(n− 2)In − cnIn−1 = 0. (3.14)
The solution to (3.14) can be found to be trivial so that the G, Y and M are linearly
independent.
3.2 First order
The cosmic photon fluid perturbs along the primordial fluctuations; however, it is considered
to be in thermal equilibrium at each point. Based on the assumption, we usually write
the ansatz for the first order Boltzmann equation as a Planck distribution function with a
spacetime dependent temperature. Let us expand the distribution function up to the linear
order in terms of the temperature perturbations. Using (3.1), we can write the linear term
as
f (1) = Θ(1)G, (3.15)
where we have defined Θ(1) as the first order temperature fluctuations normalized by the
fiducial temperature. One then finds that both sides of the Boltzmann equation are propor-
tional to G. This implies that the equation for Θ(1) coincides with those of the energy density
perturbations and the number density perturbations, which are integrated with respect to the
momentum. At this stage, we can justify the first assumption that the system is blackbody
locally.
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3.3 Second order in the Thomson limit
On the other hand, it has been already known that the above discussions are not applicable
at second order [54]. In other words, the second (or higher) order temperature perturbations
are momentum dependent in general, and the fluid is no more a local blackbody. This is
apparent if we integrate the Boltzmann equation with pn and find different equations for the
number density and the energy density at second order. We have three strategies to solve this
Boltzmann equation. One is to integrate the momentum as we did right now and to focus on
the energy density or the number density. It can be a significant simplification, at the same
time, it masks much information in the non-trivial momentum dependence of the distribu-
tion function. The second way is to consider the full momentum dependent temperature.
This can be perfect, but it is far more complicated. We then propose to take into account
the momentum dependence partly by the form of the spectral distortions. In other words,
we replace the infinite number of degrees of freedom coming from the continuous frequency
with the infinite number of the parameters describing the spectral deformations. In fact, we
usually apply this kind of approach to reduce the number of equations of a set of partial
differential equations. For example, we use the Boltzmann hierarchy equations instead of the
equations with angular parameters. In this case, the crucial contributions are related to the
lower multipoles, and the infinite number of equations fall into a few equations. We have
already made this approach even for our problem at linear order. We can say that the first
order spectral distortion is written as momentum independent temperature perturbations in
the form of (3.15), that is, an infinite number of d.o.f of continuous momentum is reduced to
a single local parameter at first order. Our next step is going to second or higher order.
Let us write an arbitrary distribution function in the form of the Planck distribution
function with momentum dependent temperature perturbation Θ˜ = Θ˜(x, pn, η):
f(x, pn, η) =
1
e
p
T0
e−Θ˜ − 1
, (3.16)
where we define T0 as the temperature of a time independent comoving blackbody
7, x is the
comoving spacial coordinate, and η is the conformal time hereafter. Then let us expand this
function around Θ˜ = 0
1
e
p
T0
e−Θ˜ − 1
=
∞∑
n=0
Θ˜n
n!
(
−p ∂
∂p
)n
f (0)(p). (3.17)
In our convention, the zeroth order distribution function is time independent, and it simplifies
the later calculations. Here we should notice that the n is not the order of the perturbations
since the temperature perturbations have the following form:
7T0 is not the average temperature which varies due to the acoustic reheating or other heating processes
at second order.
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Θ˜ =
∑
m
Θ˜(m), (3.18)
where m is the order of the perturbations. We have already known that Θ˜(1) = Θ(1) is mo-
mentum independent; however, n > 1 is momentum dependent in principle. In our definition,
the higher order temperature perturbations have none zero homogeneous component since
we fix the fiducial temperature T0 as mentioned above. At second order, we find that the
momentum dependence is separated as
Θ˜(2)(p) = Θ(2) + y
Y(p)
G(p) , (3.19)
where Θ(2) is the momentum independent part and Y is defined in (3.2). The perturbative
expansions are obtained as follows:
f (1) =Θ(1)G(p), (3.20)
f (2) =
[
Θ(2) +
3
2
Θ2
]
G(p) +
[
y +
1
2
Θ2
]
Y(p), (3.21)
where we have used (3.1) and (3.2).
3.4 Boltzmann equations
Thanks to the expression (3.21), it simplifies calculations to write the second order collision
terms as
C(2)T [f ] + δ(1)e C(1)T [f ] = A(2)G + B(2)Y, (3.22)
where we have used (2.39) and (2.42) with (3.21). Thus, frequency dependence at second
order falls into G and Y.
We will solve the Boltzmann equation perturbatively; however, note that we avoid
writing the second order metric perturbations explicitly in the following discussions since
they do not appear in the final expressions for the spectral distortions.
So far we have discussed the r.h.s. of the Boltzmann equation. Next, let us see the Liou-
ville term on the left. Differentiating the distribution function with respect to the conformal
time, (3.21) yields
f ′ =f (0)
′
+ (Θ′ + 3ΘΘ′)G +
(
Θ +
3
2
Θ2
)
G′
+ (y′ + ΘΘ′)Y +
(
y +
1
2
Θ2
)
Y ′, (3.23)
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where ′ ≡ d/dη. Since f (0) depends only on comoving momentum p, the derivative of the
zeroth order part becomes
f (0)
′
= −(ln p)′G. (3.24)
Note that −(ln p)′ does not have the zeroth order part but have both the first and the second
order terms which describe the gravitational redshift since p is the comoving momentum. On
the other hand, using (3.10) we can write the time derivative of G by
G′ = −(ln p)′(3G + Y), (3.25)
and Y ′ can be neglected since this is the first order quantity which is multiplied by the second
order perturbations in the equation. Combining (3.23), (3.24) and (3.25) up to second order,
we obtain
f ′ = (1 + 3Θ)[Θ′ − (ln p)′]G + (y′ + Θ[Θ′ − (ln p)′])Y. (3.26)
Next, let us write down equations order by order. The first order Boltzmann equation
is easily obtained as
Θ(1)
′ − (ln p)′(1) = A(1). (3.27)
If we expand (ln p)′(1) with respect to the metric perturbations, we obtain first order Boltz-
mann equation of the temperature perturbations with metric perturbations. On the other
hand, collecting second order terms, the second order equation can be written as
[
Θ(2)
′ − (ln p)′(2) + 3ΘA(1)
]
G +
[
y′ + ΘA(1)
]
Y = A(2)G + B(2)Y, (3.28)
where we have used (3.27) for substituting A(1) into the expression. A(2) does not have any
monopole terms since the Compton scattering does not change the photon number; however,
the temperature is raised by acoustic reheating, that is, the spacial configuration is changed
due to 3ΘA(1) on the left. Integrals of the Boltzmann equation with respect to pn should
always be consistent even if they do not have any physical implications since we should
respect the equation at the distribution function level. Therefore, each coefficient for G and
Y should be equal so that we obtain the Boltzmann equations for Θ(2) and y independently.
One then immediately finds [
Θ(2)
′ − (ln p)′(2) + 3ΘA(1)
]
= A(2), (3.29)
y′ + ΘA(1) = B(2). (3.30)
In contrast to (3.27), there are source terms in the l.h.s. of (3.29), and this implies
that the small-scale perturbation generates large-scale temperature perturbations at second
– 16 –
order, whose homogenous component is recently pointed out in [58, 59]. It is crucial that
B(2) not have any pure second-order terms except y. If one does not introduce the y to the
distribution function at the beginning, (3.28) is not satisfied since both ΘA(1) and B(2) are
already determined at first order and do not coincide in principle. This also implies that the
y is determined by products of the linear perturbations automatically. Let us expand (3.30)
by substituting the following form:
A(1) = neσTa
(
Θ0 −Θ + V + 1
10
2∑
m=−2
Y2m(n)Θ2m
)
, (3.31)
B(2) = neσTa
[
y0 − y + 1
10
2∑
m=−2
Y2m(n)y2m
+
1
2
[Θ2]0 − 1
2
Θ2 +
1
20
2∑
m=−2
Y2m(n)[Θ
2]2m + VΘ0 − [VΘ]0 + 1
2
V 2 +
1
2
[V 2]0
+
1
10
2∑
m=−2
Y2m(n)
[
VΘ2m − [VΘ]2m + 1
2
[V 2]2m
] ]
. (3.32)
Then we find
∂y
∂η
+ n · ∇y = neσTa
(
Θ−Θ0 − V − 1
10
2∑
m=−2
Y2m(n)Θ2m
)
Θ
+ neσTa
[
y0 − y + 1
10
2∑
m=−2
Y2m(n)y2m
+
1
2
[Θ2]0 − 1
2
Θ2 +
1
20
2∑
m=−2
Y2m(n)[Θ
2]2m + VΘ0 − [VΘ]0 + 1
2
V 2 +
1
2
[V 2]0
+
1
10
2∑
m=−2
Y2m(n)
[
VΘ2m − [VΘ]2m + 1
2
[V 2]2m
] ]
. (3.33)
The equations for the spectral distortions do not include the other pure second order quan-
tities such as the temperature and the metric perturbations. Therefore, we do not have to
integrate the full second-order Boltzmann equation as long as working only on the spectral
distortions. In Fourier space, the convolutions include the curvature perturbations implicitly
as discussed in appendix C. Therefore, the integration with respect to the Fourier momentum
is non-trivial in general.
4 Inhomogeneous y distortion
We have introduced y distortion as momentum dependent part of the second order temper-
ature perturbations. Its momentum dependence is the same form with the usual Compton y
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parameter given as
yC =
∫
Te − Tγ
me
neσTadη, (4.1)
where Tγ ≡ T0(1+z). We should note that our y is a free parameter determined by the second
order Boltzmann equation and has nothing to do with the inhomogeneity of Te, Tγ and ne
in the integrand in (4.1). To be more specific, our y arises from the expansion associated
with the Thomson collision terms but yC comes from the Kompaneets terms, that is, their
momentum dependences coincide accidentally. Below we summarize the evolution equation
for our y and confirm availability of the previous estimations.
4.1 Generation of the monopole spectral distortion
For the long wavelength limit, we obtain the following equation for the monopole component
of the y distortion:
(neσTa)
−1y˙0 ≈[(Θ− V )2]0 −Θ20 −
1
4pi · 10
2∑
m=−2
Θ2mΘ2,−m(−1)m, (4.2)
where · ≡ ∂/∂η. The l > 0 linear perturbations are not significant before the horizon entry.
Therefore, using (C.5), each convolution should be well approximated as
(XY )k ∼
∫
dq
q
XqYqPR(q)R(2)k . (4.3)
(4.3) implies that the source terms induce k independent transfer functions for the y distor-
tion on large scales. Ignoring the gradient terms, the transfer function for the monopole y
distortion follows
y˙0 ∼neσTa
∫
dq
q
PR(q)
(
1
3
(iv − 3Θ1)2 + 9
2
Θ22 + · · ·
)
, (4.4)
where dots imply the higher order multipole components. The first term in r.h.s. of (4.4)
is heat conduction from baryons, and the second one is shear viscosity. For the higher
order multipoles, we have −neσTayl, which suppresses growing of yl by isotropization due
to the Thomson scattering. The main part of y0(η, k) is entirely the same form with the
homogeneous component previously evaluated, for example, in [37]. This is reasonable since
the monopole and homogeneous part are not distinguishable before horizon entry.
4.2 Integral solutions and Gauge dependence
Let us demonstrate a line-of-sight integral method for the y distortion. Near the last scat-
tering surface, the source can be negligible and the equations in Fourier space can be written
as
y˙ + ikλy = −neσTa
(
y − y0 + 1
2
P2(λ)y2
)
. (4.5)
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We do this calculation in a completely parallel way with that for the temperature perturba-
tions. That is, the line-of-sight integral solution for the y distortion is given by
y(k, λ, η0) =
∫ η0
ηf
dηSy(k, η)e−ik(η0−η)λ (4.6)
Sy(k, η) =g
(
y0 +
y2
4
+
3y¨2
4k2
)
+ g˙
3y˙2
2k2
+ g¨
3y2
4k2
, (4.7)
where the visibility function is introduced by g = −τ˙ e−τ with τ˙ being −neσTa. The terms
related to y2 are new corrections. The harmonic coefficient is also immediately obtained as
ay,lm = 4pi(−i)l
∫
d3k
(2pi)3
Y ∗lm(kˆ)
∫ η0
0
dηSy(k, η)jl[k(η0 − η)]. (4.8)
We can see that no metric perturbations and no second order temperature perturbations
are included. Therefore, y has no redshift and no cross-correlation with the ISW lensing. This
helps us to consider the µµ and yy auto and µy cross-correlations since we do not have to
consider the curve of sight [23].
At the end of this section, we comment on the gauge dependence of y. The gauge
transformation laws for v and −3iΘ1 are the same as given in [60], and higher order multipoles
are gauge invariant quantities; therefore, gauge invariance of y is manifest [37]. There is
no metric perturbation in (4.5) so that y distortion evolves gauge independently after its
generation.
5 µ distortion
5.1 Definition
We have shown that the y is necessary for a set of equations to be consistent at second
order; however, we have not commented on the chemical potential type distortion called µ
distortion. During 5× 104 < z < 2× 106, the y distortions are converted to the µ distortion,
and the system is considered to be in kinetic equilibrium. This was investigated numerically
in the previous studies [34, 37]. Let us try to include the µ as well in our formulation.
One strategy to include the chemical potential may be writing a second order ansatz in
the following form:
Θ˜(2)(p) = Θ(2) + y
Y(p)
G(p) + µ
M(p)
G(p) + · · · , (5.1)
where M is defined in (3.3). Let us substitute (5.1) into (2.42) and (3.26). We then obtain
additional terms proportional to M. Reading off each coefficient, the evolution equation for
the µ distortion is given as follows:
µ˙+ ikλµ = (neσTa)
[
−µ+ µ0 + 1
10
2∑
m=−2
µ2mY2m
]
. (5.2)
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It is not surprising that the conversion of y to µ is not seen even at second order since we
start with a momentum independent µ parameter, and we did not take into account the
momentum transfer. (5.2) just tells us that the momentum independent chemical potential
evolves independently from the y distortion and the second order temperature perturbations
once it is given at initial time. This implies that µ generation from y should be treated in the
full (or higher order) Boltzmann equations with momentum dependent chemical potential.
The other steps for the µ are completely parallel with those for the y, and the harmonic
coefficient is the same form with (4.8), that is, we have
aµ,lm =4pi(−i)l
∫
d3k
(2pi)3
Y ∗lm(kˆ)
∫ η0
0
dηSµ(k, η)jl[k(η0 − η)], (5.3)
Sµ(k, η) =g
(
µ0 +
µ2
4
+
3µ¨2
4k2
)
+ g˙
3µ˙2
2k2
+ g¨
3µ2
4k2
, (5.4)
and the initial value of the µ distortion should be introduced by hands in this context.
5.2 Instantaneous µ formation
The full numerical analysis for µ generation is complicated. Here we notice that the chemical
potential is a thermodynamic quantity and that we do not have to care about the details of
the process when considering the thermalization timescale is rapid enough. In this section, we
repeat a traditional explanation for the µ formation with a single comment. Let us consider
that the initial state is given by the solution of the Thomson limit second order Boltzmann
equation, that is, the second order number and the energy density are calculated as
N (2)y = 0, (5.5)
I(2)y = 4yI3, (5.6)
where numerical factors In are defined in (3.5). Assuming that the thermalization timescale
is rapid enough compared to the typical timescale of the cosmic expansion, these quantities
should have the following forms at the next moment:
N
(2)
BE = 3I2Θ(2)BE − 2µI1 (5.7)
I
(2)
BE = 4I3Θ(2)BE − 3µI2 (5.8)
where subscript “BE” implies that they are the parameters associated with a Bose distribu-
tion function. Then we can impose the number and the energy conservation laws:
N (2)y = N
(2)
BE (5.9)
I(2)y = I
(2)
BE (5.10)
so that we obtain
µ =
(
2I1
3I2 −
3I2
4I3
)−1
y. (5.11)
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The numerical constant is calculated as µ = 1.40066 × 4y, and the well known relation is
derived. Now we have a comment on this matter. (5.9) and (5.10) should not be established
at a distribution function level, that is, this approach never explains the continuous evolution
of the µ. This is because the momentum integrals with pn should always be consistent if
we start with the Boltzmann equation. Suppose that, for instance, we use the Boltzmann
equations which are integrated with p4 and p5, we find the other numerical factor in (5.11).
Therefore, there exist time discontinuities in both sides of the equalities in (5.9) and (5.10).
Using (4.4) and (5.11) we approximately obtain the following form of µ distortion from the
scalar perturbations:
µ0(ηf , k) ∼
∫ ηf
ηi
neσTadη
∫
dq
q
PR(q)
(
1
3
(iv − 3Θ1)2 + 9
2
Θ22 + · · ·
)
. (5.12)
5.3 Monopole formation
We have mentioned that the µ formation is non-trivial and our prescription is not applicable.
Here let us revisit the monopole terms in (2.38). These terms coincide with those in (2.34).
This implies that the previous numerical simulation based on (2.34) is also applicable to
the inhomogeneous case as long as we ignore the higher order multipoles. As discussed in
the previous section, multipoles of the spectral distortions are vanishing, and only the long
wavelength modes of the monopole component are dominant. In this sense, we expect that
the generation of the inhomogeneous distortions should be explained in the same manner as
the previous numerical calculations for the homogeneous µ distortions [34, 37].
5.4 Suppression from the Double Compton scattering
So far we have introduced the initial redshift for the µ by referring to the previous numerical
works [34, 37]. It is determined by the double Compton effect, which is cubic order QED
interaction. The process is crucial for the spectral distortions since it changes the number of
photons and erases the distortions. The derivation of the double Compton scattering collision
term is complicated so that we avoid writing the term explicitly here. Instead, roughly we
estimate the timescales of these interactions. Let ΓK and ΓDC be the energy transfer ratio
due to the Compton scattering and double Compton scattering, respectively. ΓK should be
proportional to the scattering event ratio neσT. Note that there is no energy transfer only if
neσT is large. There exist significant energy transfers if electrons are relativistic enough to
transfer the photon energy. This should be characterized by Te/me. Then, we can estimate
the energy transfer ratio due to the Compton scattering as follows:
ΓK ∼ neσT Tγ
me
. (5.13)
Actually, we can reproduce this relation by using (2.34). In analogy with the above discussion,
we can roughly estimate ΓDC as well. First, the double Compton scattering interaction ratio
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should be proportional to neσTα
2 with α being the fine structure constant. This is because
the process is a cubic order QED interaction, and  → 0 limit electron does not emit the
second photon in terms of energy conservation law 8. Then, the lowest order term can be
estimated as
ΓDC ∼ neσTα
(
Tγ
me
)2
. (5.14)
Using ΓK and ΓDC, we can guess the suppression time scale of the µ distortion. The µ distor-
tion varies as a result of both the double Compton scattering and the Compton scattering.
Therefore, the suppression time scale can be given as the inverse of Γµ ∼
√
ΓDCΓK. Employ-
ing these facts, we roughly obtain Γµ ∼ 10−35 × (1 + z) 92 s−1 and ΓK ∼ 10−29 × (1 + z)4s−1.
Comparing these with H ∼ 10−20× (1 + z)2s−1, one finds that the window of µ era is opened
during O(105) < z < O(106).
6 Higher order spectral distortions
A product of distribution functions in (2.18) can be expanded as
g(q˜′)f(p˜′)[1 + f(p˜)]− g(q˜)f(p˜)[1 + f(p˜′)]
= g(q˜)
(
f(p˜′)− f(p˜) +
(
−(p˜− p˜
′)2
2meTe
− (q˜−mev) · (p˜− p˜
′)
meTe
)
f(p˜′) [1 + f(p˜)] + · · ·
)
.
= g(q˜)
[
f(p˜′)− f(p˜) +O
(η

)]
. (6.1)
This implies that the collision terms are linear in f if we ignore the momentum transfer
corrections coming from p˜/me and Te/me. We start this section with the above Thomson
scattering limit.
6.1 Cubic order ansatz at Thomson limit
The dimensional quantity is only the photon momentum in the collision terms. Therefore,
the derivative operators always appear in the form of p∂/∂p. The cubic order Thomson term
(neσTa)
−1C(3)T [f ] should be written as a linear combination of
f, p
∂f
∂p
,
(
p
∂
∂p
)2
f,
(
p
∂
∂p
)3
f, (6.2)
and their Legendre coefficients with the baryon bulk velocity as explicitly shown in (2.46).
Let us introduce a following momentum function:
K(p) =
(
−p ∂
∂p
)
Y(p), (6.3)
8 Linear terms in  do not exist since the scattering cross section should be a Lorentz scalar.
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where the momentum integral of K with p2 is 0, which inspires us to define a higher order y
distortion. Using this function, the third order derivative of the Planck distribution is given
as (
−p ∂
∂p
)3
f (0)(p) = K + 3Y + 9G. (6.4)
Combining the above with (3.17), one finds the following cubic order terms:
f (3) = Θ˜(3)G + Θ˜(1)Θ˜(2) (3G + Y) + Θ˜
(1)3
3!
(9G + 3Y +K) . (6.5)
Then we separate the momentum dependence of the temperature perturbations as
Θ˜(1)(p) = Θ(1) (6.6)
Θ˜(2)(p) = Θ(2) +
Y
G y
(2) (6.7)
Θ˜(3)(p) = Θ(3) − Y
2
G2 Θ
(1)y(2) +
Y
G y
(3) +
K
G κ
(3), (6.8)
and we can write the cubic order terms as
f (3) =
[
Θ(3) + 3Θ(1)Θ(2) +
3
2
Θ(1)3
]
G
+
[
Θ(1)Θ(2) +
1
2
Θ(1)3 + 3Θ(1)y(2) + y(3)
]
Y
+
[
1
3!
Θ(1)3 + κ(3)
]
K. (6.9)
This is our ansatz for the cubic order Thomson limit Boltzmann equation. The above dis-
cussion suggests that closed equations for the higher order spectral distortions such as Θ(3),
y(3) and κ(3) are systematically obtained. We can reconstruct the distribution functions in
the form of the sum of local blackbody and spectral distortions. (6.5) and (6.9) yield
f =
1
e
p
T0
e−Θ − 1
+
[
(1 + 3Θ(1))y(2) + y(3)
]
Y + κ(3)K, (6.10)
where we have defined momentum independent temperature perturbation as Θ = Θ(1) +
Θ(2) + Θ(3). The spectral shapes of the momentum basis are shown in Fig.1. Defining
α = 2I1/(3I2), conventionally the µ distortion is expressed by notM butM+αG, which is
the difference between a Bose and Planck distributions whose number densities are the same.
y(3) can be subdominant part of y(2); however, we can distinguish κ(3) from these due to the
momentum dependence even if its magnitude is smaller than y distortions.
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Figure 1. Spectral shapes of the photon number shift, µ distortion, y distortion and higher order y
distortion are drawn. They are rescaled for comparing the shapes and the peaks. The multiples are
shown in the legend in the figure.
6.2 General ansatz at Thomson limit
The same prescription is available for higher orders as long as we assume the linearity of the
distribution functions. Let us introduce n-th order momentum function whose integral with
p2 is zero:
Y(n+1)(p) =
(
−p ∂
∂p
)n
Y(p), (6.11)
where Y(1) = Y and Y(2) = K. Then, l-th term in (3.17) is expressed as(
−p ∂
∂p
)l
f (0)(p) = Y(l−1) + 3Y(l−2) + · · ·+ 3l−2Y(1) + 3l−1G (6.12)
= 3l−1G(p) +
l−1∑
k=1
3l−k−1Y(k)(p). (6.13)
As discussed in (6.2), the momentum dependence is always expressed by linear combination
of G, Y(1), · · · and Y(n−1). Using these functions, the n-th order distribution function should
be written as
f (n) =
[
Θ(n) + · · ·
]
G + · · ·+
[
· · ·+ y(n−1,1)
]
Y(n−2) +
[
1
n!
(
Θ(1)
)n
+ y(n,0)
]
Y(n−1), (6.14)
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where y(2) = y(2,0), y(3) = y(2,1) and κ(3) = y(3,0). A number of the new parameters for
the n-th order Thomson limit Boltzmann equations can be n. On the other hand, the time
derivative of the momentum basis is calculated as
Y(n)′ = −(ln p)′Y(n+1). (6.15)
Using this with the same manipulation for (3.26), acoustic sources for higher order distortions
can be written as
y(n,0)
′
= − 1
(n− 1)!Θ
(1)n−1A(1) + · · · . (6.16)
Therefore, we always have the higher order spectral distortions as results of mode couplings
as in the case with the usual y distortion.
6.3 First order Kompaneets terms
So far we have discussed the Thomson limit to ignore the nonlinear terms of f for simplicity.
The above prescription itself can be powerful since it is applicable for the same class of
collision processes; however, we should take into account not only the inhomogeneity but
also the momentum transfer in the practical application to the CMB. When we discussed
the second order theory, the Kompaneets terms are comparable to the Thomson anisotropic
parts; however, they are homogenous and do not contribute to the perturbation equation.
The total average part is calculated by combining the result of the Thomson part with the
SZ effects. If we look at the cubic order, the momentum transfer is expected to be written
as products of the Compton y parameter and the first order anisotropies. In this case, the
linear Kompaneets terms are non-negligible for the perturbation equations.
We now discuss the momentum transfer coming from p(1 + z)/me and Te/me at cubic
order. From (2.34) and (2.38), we have
(neσTa)
−1
(
C(0)K,0[f ] + C(1)K,0[f ]
)
=
1
mep2
∂
∂p
p4
(
Te(1 + Θe0)
∂f0
∂p
+ f0 [1 + f0]
)
, (6.17)
where f0 = f
(0) + f
(1)
0 , and we replace Te → Te(1 + Θe0) to include the electron temperature
perturbation. The differentiated part can be calculated as
Te(1 + Θe0)
∂f0
∂p
+ f0 [1 + f0] =
[
Te(1 + Θe0)− T0eΘ˜0
] ∂f0
∂p
− T0e
Θ˜0
1− p∂Θ˜0∂p
∂Θ˜0
∂p
p
∂f0
∂p
. (6.18)
Therefore, (6.17) yeilds
(neσTa)
−1C(1)K,0[f ] '
1
mep2
∂
∂p
p4
[
Te(1 + Θ
(1)
e0 )− Tγ(1 + Θ(1)0 )
] ∂f0
∂p
. (6.19)
The momentum independence of Θ(1) is important for this expression, and we have non-
trivial additional terms at higher order. Then, the monopole component of the first order
Kompaneets equation is obtained as follows 9:
9The terms proportional to v do not contain the zeroth order distribution functions so that they are the
second order Kompaneets terms.
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(neσTa)
−1C(1)K,0[f ] =
1
mep2
∂
∂p
p4
[
(TeΘe0 − TγΘ0)∂f
(0)
∂p
+ (Te − Tγ)Θ∂G
∂p
]
=
TeΘe0 − TγΘ0
me
Y + Te − Tγ
me
Θ0K, (6.20)
where we use
1
p2
∂
∂p
p4
∂
∂p
= −3
(
−p ∂
∂p
)
+
(
−p ∂
∂p
)2
, (6.21)
and
1
p2
∂
∂p
p4
∂
∂p
G = K. (6.22)
The other cubic order terms should be linear combinations of G, Y and K as pointed above.
6.4 Linear Sunyaev-Zel’dovich effect
(6.20) has terms proportional to Y and K. The first term implies that there are additional
sources for (3.30). Assuming that Te = Tγ ,
TeΘe0 − TγΘ0
me
=
Tγ
3me
Seγ , (6.23)
where we have defined the baryon isocurvature perturbation as
Seγ = 3(Θe0 −Θ0). (6.24)
This implies that the yT cross correlation function does exist even for Gaussian perturbations
suppose that there are baryon isocurvature perturbations and that they are cross correlated
with the adiabatic ones. Physical implication of (6.23) is clear: the fluctuations of relative
number density induce additional recoil effects. These terms may be crucial since Tγ/me =
O(10−9)(1 + z), which may be comparable to the acoustic source for z & O(103).
On the other hand, for the adiabatic initial condition Θe0 = Θ0, one finds
neσTa
TeΘe0 − TγΘ0
me
= y˙CΘ0. (6.25)
This should be more important since yC is recently estimated in [61], and the magnitude is
expected to be 10−6. Therefore, we roughly expect
y
(3)
0 ∼
∫
dηy˙CΘ0 ∼ yCΘ0(zc), (6.26)
where zc is the redshift when SZ effects occur. The cross correlation with the temperature
can be given as
Cy
(3)T
l ∼ 10−6CTTl . (6.27)
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If we compare (6.27) to the non-Gaussianity origin y(2)T cross correlation, this corresponds to
f locNL ∼ 10 [53], that is, we cannot ignore this contribution for the non-Gaussianity observation
by using yT cross correlation; however, we also point out that the systematic errors for the
PIXIE experiment is 103 times larger than the signal [62] and the problem is not so simple.
The second term in (6.20) also implies the other higher order SZ effects. As in the case
with y(3), we estimate the higher order spectral distortion as
κ
(3)
0 ∼ yCΘ0(zc). (6.28)
This implies that there are two types of linear SZ effects, and we can distinguish this higher
order distortion from the former tSZ effect due to the momentum dependence. We should note
that the anisotropies in the distortions are connected with the electron gas configurations,
and it may be possible to have a 3D map of the linear perturbations by using the linear SZ
effects.
6.5 Higher order spectral distortions and a residual distortion
Recently, non-µ and non-y type spectral distortions called residual distortion is proposed for
the purpose of classifying the actual observational data of CMB intensity spectrum [63]. The
authors introduced the n dimensional Euclidean space with n being many frequency channels
and characterized the distortions by using linearly independent vectors in the space. The
residual distortion is the fourth direction perpendicular to temperature shift, y distortion,
and µ distortion directions. There are n − 3 linearly independent directions for residual
distortion, and our higher order momentum basis Y(n) should be included in them. The
residual distortion mainly well describes thermal history during µ-y transition period, which
cannot be treated in our method due to the non-linearity of the distribution functions in
Kompaneets terms as seen in (6.19). Full parametrization of the residual distortion in a
systematic approach should be necessary for the future of observational cosmology.
7 Summary
The second order temperature perturbations are momentum dependent in contrast to zeroth
and first order. The momentum is usually integrated to obtain the second order brightness
perturbations so that non-trivial configurations in the momentum spectrum has not been
analyzed. In this paper, we explicitly wrote the second order Boltzmann equation for the
Planck distribution function with a momentum dependent temperature and showed that such
dependence is separated into two “linearly independent” functions with corresponding pa-
rameters. One of them is understood as the fluctuations of the local blackbodies. Another
is the form of well known y distortion which arises from Silk damping. We derived the exact
evolution equation of the distortion and combined it with the homogeneous component com-
ing from the other thermal history. On the other hand, we also showed that the formation of
the spectral µ distortion is not understood in our framework. The µ is a result of the frequent
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momentum transfer, and the momentum independent ansatz does not work to explain the
generation. In the last section, we also discussed the potential to extend our method to a
higher order. In our cases, the linearity of the distribution functions in the collision terms is
crucial. As an example, we investigated the cubic order Boltzmann equations. We derived the
cubic order Thomson terms and linear Kompaneets terms, and newly define the higher order
y distortion to make the equations closed. We also showed that the mode coupling arises as
in the case with y distortions, and found linear SZ effects. The above method has a potential
for applying to broader classes of non-equilibrium physics or non-linear problems. The basis
functions may have the different forms depending on concrete collision terms; however several
classes may be solved as we have shown in this paper. For example, the Maxwell-Boltzmann
distribution functions with several orders of the spectral distortions may be another window
for the analysis of large-scale structure, and Boltzmann equations for the massive neutrino
might be solved in the same manner.
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A Multipole and harmonic expansion
In this paper, the multipole expansion of X is defined as
X(vˆ · n) =
∑
l
(−i)l(2l + 1)Pl(vˆ · n)Xl, (A.1)
where vˆ is the direction of the baryon bulk velocity. For the linear perturbation, vˆ is parallel
to Fourier momentum. On the other hand, the harmonic expansion is introduced as
X(n) =
∑
l,m
XlmYlm(n). (A.2)
The relation between these coefficients for m = 0 can be expressed as
Xl0 =
√
4pi(2l + 1)(−i)lXl. (A.3)
For example, expanding (3.20) and (3.21) in terms of multipoles, we can write the coefficients
as follows:
f
(1)
l = Θ
(1)
l G, (A.4)
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f
(2)
l =
(
Θ
(2)
l +
3
2
[Θ2]l
)
G +
(
yl +
1
2
[Θ2]l
)
Y (A.5)
Products of (n · n′) can be separated by using the following formula:
Pl(n · n′) = 4pi
2l + 1
l∑
m=−l
Ylm(n)Y
∗
lm(n
′). (A.6)
B A translation of second order collision terms
While we reproduce the second order Boltzmann collision terms which was derived in a
previous literature, we comment on the correspondence of the variables with the result in
[2]. (4.42) in [2] is written by
1
2
C[f ](neσT )−1 =1
2
f
(2)
00 −
1
4
2∑
m=−2
√
4pi
53/2
f
(2)
2mY2m −
1
2
f (2)(p)
+ δ(1)e
[
f
(1)
0 +
1
2
f
(1)
2 P2(vˆ · n)− f (1) − p
∂f (0)
∂p
(v · n)
]
− 1
2
p
∂f (0)
∂p
(v(2) · n)
+ (v · n)
[
f (1)(p)− f (1)0 − p
∂f
(1)
0
∂p
− f (1)2 +
1
2
P2(vˆ · n)
(
f
(1)
2 − p
∂f
(1)
2
∂p
)]
+ v
[
2f
(1)
1 + p
∂f
(1)
1
∂p
+
1
5
P2(vˆ · n)
(
−f (1)1 (p) + p
∂f
(1)
1
∂p
+ 6f
(1)
3 +
3
2
p
∂f
(1)
3
∂p
)]
+ (v · n)2
[
p
∂f (0)
∂p
+
11
20
p2
∂2f (0)
∂p2
]
+ v2
[
p
∂f (0)
∂p
+
3
20
p2
∂2f (0)
∂p2
]
+
1
mep2
∂
∂p
[
p4
(
Te
∂f (0)
∂p
+ f (0)(1 + f (0))
)]
, (B.1)
where we found p2 in the denominator of the last line as also pointed out in [64]. In our
notation, the time coordinate is conformal time η and we replace the functions as
p→ p˜, (B.2)
1
2
C[f ]→ C[f ], (B.3)
1
2
f (2) → f (2), (B.4)
1
2
v(2) → v(2) (B.5)
fl → (−i)lfl, (B.6)
flm → (−i)−l
√
2l + 1
4pi
flm. (B.7)
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C A treatment to convolutions
The linear perturbations are merely proportional to the primordial perturbations in Fourier
space. Therefore, the Boltzmann equations are also the equations for the transfer functions
simultaneously. This is not the case at second order since we have convolutions, that is, the
Fourier momentum integrals which include the primordial curvature perturbations. Let us
write the curvature perturbations in the convolution explicitly as follows:
(XY )k ≡
∫
d3q
(2pi)3
XqY|k−q|RqRk−q, (C.1)
where let Xq and Y|k−q| be the transfer functions for the linear perturbations. The ensemble
average with Rk′ is then given as
〈(XY )kRk′〉 = (2pi)3δ(3)(k + k′)
∫
d3q
(2pi)3
XqY|k−q|BR(q, |k− q|, k′), (C.2)
where BR is the shape function of the primordial bispectrum. Let us consider the case X,
and Y are significant for k  q, and let us integrate q in advance. Then, we can approximate
the above equation as
〈(XY )kRk′〉 ' (2pi)3δ(3)(k + k′)
∫
d3q
(2pi)3
XqYqBR(q, q, k′). (C.3)
Suppose that the bispectrum is local-type, one can simplify this further and obtain
〈(XY )kRk′〉 = (2pi)3δ(3)(k + k′)PR(k′)
(
−12
5
f locNL
)∫
dq
q
PR(q)XqYq. (C.4)
This expression tells us that it is equivalent to replace the convolution as
(XY )k ∼
∫
dq
q
PR(q)XqYqR(2)k , (C.5)
where we have defined the “second order curvature perturbation” to satisfy
〈R(2)k Rk′〉 ∼ (2pi)3δ(3)(k + k′)
(
−12
5
f locNL
)
PR(k), (C.6)
〈R(2)k R(2)k′ 〉 ∼ (2pi)3δ(3)(k + k′)4τ locNLPR(k). (C.7)
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